The analysis of the movement of particles in a nonuniform field requires accurate knowledge of the electric field distribution. In this letter, the Schwarz-Christoffel mapping method is used to analytically solve the electric field distribution in a dielectrophoretic focusing electrode structure. The analytical result for the electric field distribution is validated by comparison with numerical simulations using the finite element method. The electric field solution is used to calculate the dielectrophoretic force on a particle in the system. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.2916827͔ Dielectrophoresis ͑DEP͒ 1-3 is one of the ac electrokinetic techniques where the interaction between a fieldinduced dipole moment on the particle and a nonuniform electric field produces a force on the particle. Since the dielectrophoretic forces are generated from the interaction between the electric field and the induced dipole, it is important to characterize the strength and direction of the electric field distribution in the system. In this work, we use the Schwarz-Christoffel mapping ͑SCM͒ method 4-7 to calculate the electric field generated by the dielectrophoretic focusing electrode structure shown in Fig. 1͑a͒ . By using negative DEP ͑nDEP͒, the particles are repelled from the electrode edges and focused into a tight stream in the channel center. [8] [9] [10] [11] Since the electrodes are long compared to their width, the electric field analysis can be performed through a cross section of the device, 9 as shown in Fig. 1͑b͒ . Since the electrodes are much thinner than their width, they can be represented as a section of the bottom boundary at a fixed potential. The Neumann boundary condition ͑insulating͒ is used for the potential at the electrolyte/ glass interfaces. 6, 12, 13 Applying symmetry, only a quarter of the system ͑ABCDEF͒ needs to be solved in the analysis. Figure 1͑c͒ shows the three complex planes used for the SCM procedure. The selected cell ABCDEF is rotated 90°a nd set in the Z plane with the boundary conditions for as shown: ‫ץ‬ / ‫ץ‬n = 0, along the insulating walls BC, CD, and EF. Dirichlet boundary conditions define the fixed potential = V along the electrode ͑DE͒ and the boundary for the axis of the odd symmetry, =0 ͑AF and AB͒. The interior of the polygon ABCDEF in the Z plane is mapped into the upper half of the T plane by using the SCM method. The polygon ABCDEF is opened at point G and the boundaries of the polygon mapped to the real axis of the T plane. The coordinates of the corresponding points Z A -Z F in the T plane are T A -T F , respectively. The point G is mapped to positive and negative infinities. The SCM integral 14 from the T plane to the Z plane is given by
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where Z = Z x + jZ y refers to the complex coordinate of any point in the interior of polygon ABCDEF in the Z plane. T = T x + jT y refers to the complex coordinate of any point in the upper half of the T plane.
Since the SCM method allows up to three points to be arbitrarily chosen along the real axis of the T plane, 6, 14 we fix the coordinates of T A =0, T B = 1, and
͑2͒
with 
where F͑ 1 , k 1 ͒ is the elliptical integral of the first kind and k 1 is the modulus of the elliptic function. Equation ͑2͒ links the T plane to the Z plane. The values of the coefficients C 2 and C 3 can be solved by a mapping relationship between the coordinates of the corresponding points in the two planes
where K͑k 1 ͒ is the complete elliptic integral of the first kind and k 1 Ј= ͱ 1−k 1 2 . Equation ͑4b͒ also provides the relationship between the complete elliptical integral and the geometrical parameters of the system
The value of the modulus k 1 can be calculated by inputting arbitrary geometrical parameters from Hilberg's approximation. 16 Then, from Eq. ͑3c͒, the value of T F is given by
The inverse function of Eq. ͑2͒ enables us to express T in terms of Z,
where sn͑…, …͒ and cn͑…, …͒ are the Jacobian elliptic functions.
The coordinate of points D and E in the T plane can be obtained from Eq. ͑7͒,
The second SCM is used to transform the upper half of the T plane into a rectangle in the model plane ͑W plane͒. The electric field is uniformly distributed in the interior of the rectangle due to the restriction from the transformed bound- 
The integral solution of Eq. ͑9͒ is
͑10͒
͑Z͒ is the conjugate of the derivative of f͑Z͒, which is the linking transformation equation between the Z and W planes. By using this relationship and combining Eqs. ͑1͒ and ͑10͒, the nonuniform electric field distribution in the Z plane, E Z , can be derived as
where V is the potential difference between the electrode DE and the zero potential BF. Equation ͑13͒ is the analytical solution for the electric field in the chosen area ABCDEF. The features of the electric field distribution that are governed by the geometry of the device are clearly identified. The electric field magnitude approaches zero at points A and C ͑when T = T A and T = T C ͒ and infinity at points D and E ͑when T = T D and T = T E ͒, the edge of the electrode.
Numerical calculations ͓of Eq. ͑13͔͒ were used to plot the field distribution by using MATLAB™ ͑Mathworks Inc., USA͒. The geometrical parameters are identical with the device reported in Ref.
and d 2 =5 m and the voltage on the electrode is set to 1 V. Figure 2͑a͒ shows a two-dimensional plot of the magnitude of the electric field within the analyzed area ABCDEF. The field magnitude sharply increases toward the edges of the electrodes, the fringing field. The low electric field region can be clearly observed. In order to validate the results, the analytical solutions were compared with the numerical simulations performed by using the finite element method ͑FEM͒ in FEMLAB™ ͑Comsol, Ltd.͒. The electric field magnitude was sampled along the horizontal lines at several heights above the line AB, as shown in Fig. 1͑b͒ . Figure 2͑b͒ shows excellent agreement between the SCM solution and FEM. Note that when approaching the electrode ͑h s =4 m͒, the fringing field becomes pronounced.
From the dipole approximation, the time-averaged dielectrophoretic force on a spherical particle is
where R is the radius of the particle. m is the permittivity of the medium. p and m are the complex permittivity of the particle and medium, respectively. In order to calculate the DEP force, the size of the particle and the dielectric properties of the particle and the medium must be known, together with the electric field energy density ٌ͉E͉ 2 , which is determined from the analytical electric field solution. 6 Figure 3͑a͒ is the vector plot of the factor ٌ͉E͉ 2 in the case of nDEP, for which the particle is less polarizable than the medium. Particles experiencing nDEP will be pushed toward points A and C, where the electric field magnitude is the lowest. This plot is identical to that obtained from numerical simulation. 9 In the experiments, particles flow through the channel in the gap between two adjacent electrodes. Therefore, particles are pushed toward point A, focusing into a stream. Figure 3͑b͒ is a plot of the magnitude of ٌ͉E͉ 2 showing the maximum at the electrode edge. In this geometry, the nDEP force is weak in the midpoint of the electrode and also near the channel wall. Also, the existence of these two regions ensures that particles are focused into the stream through point A rather than moving to point C.
In this letter, we derived the analytical solutions of the electric field and dielectrophoretic force in the general DEP focusing electrodes. The results are consistent with the numerical simulations and can be applied to any geometry of this type of design. The moving trajectory of the particles can then be accurately characterized by combining the DEP force and other forces ͑e.g., hydrodynamic drag force and gravitational force͒ in the system. The work is partly supported by the funding from the Life Science Initiative of the University of Southampton. 
